We study two-interval holographic entanglement entropy and entanglement wedge cross section in cutoff AdS. In particular, we investigate phase transitions of them. For two-interval entanglement entropy, the transition point monotonically decreases with a deformation parameter, which means that by the TT deformation the degrees of freedom in subsystems are decreasing. This implies that the effect of the TT deformation can be regarded as the rescaling of the energy scale. We also study entanglement wedge cross section in cutoff AdS, and our result implies that for the entanglement of purification in the TT deformed CFTs phase transition could occur even for fixed subsystems. * toshihiro.ota@riken.jp
Introduction sec:intro
The AdS/CFT correspondence Maldacena:1997re,Gubser:1998bc,Witten:1998qj [1, 2, 3] is a very powerful statement, which has been utilized to explore nonperturbative aspects of quantum field theories for ages. In field theory side of [4] , which is based on so called an integrable TT deformation of CFT Smirnov:2016lqw,Cavaglia:2016oda [5, 6] . On the bulk side, the boundary lies not at asymptotic infinity, but instead is located at a finite radial position. The dual quantum field theory is no longer conformal, but is described by a QFT deformed by the remarkable TT operator of Zamolodchikov Zamolodchikov:2004ce [7]. This deformed integrable quantum field theory can be regarded as an efective field theory with a finite UV cutoff. The bulk side of this proposed duality has an interesting viewpoint: the AdS/CFT with a finite boundary. Moving the boundary inward could shed light on the question of the emergence of bulk locality. In particular, Heemskerk: 2010hk,Faulkner:2010jy [8, 9] show that such cutoffs are dual to some deformation of the orginal CFT.
The TT deformation of two dimensional CFTs provides an exactly solvable model of quantum field theory with an UV cutoff Smirnov:2016lqw,Cavaglia:2016oda [5, 6] . Any CFT can be deformed by this operator, defining a one-parameter family of theories labelled by a dimensionful deformation parameter µ. Here we take µ to be positive, and the deformation is written as
where TT denotes the composite irrelevant operator given by the product of the left-and right-moving components of the stress tensor Zamolodchikov:2004ce [7] . By finite µ we mean that there is a one parameter family of theories defined by dS [27] , in which the entanglement entropy in a boosted system is computed and the Lorentz contracted subsystem could be regarded as a TT deformed system. Also for entanlement of purification, in the TT deformed CFTs the phase transition could occur for fixed subsystems.
The rest of the paper is organized as follows. In Sec.
Sec:twointerval 2, we consider two-interval holographic entanglement entropy and its phase transition. In the cutoff AdS, we will find that the transition point is monotonically decreasing, which means that the subsystem in the boundary is effectively getting small. In Sec.
sec:eop 3, we also investigate the effect of the TT deformation on the entanglement wedge cross section, which is conjectured to be a gravity dual of the entanglement of purification in holographic CFTs Takayanagi:2017knl [26]. In Sec.
sec:conclusion 4, we give a conclusion and some discussions.
2 Two-interval entanglement entropy ec:twointerval In this section we discuss two-interval holographic entanglement entropy and its transition in cutoff AdS. For this purpose, we need to compute the lengths of geodesics in cutoff AdS and to compare them. By numerically solving the transition point, we will find it is monotonically decreasing with the deformation. In the field theory side, this result can be interpreted in a way that the degrees of freedom of the subsystems are decreasing.
Geodesic in cutoff AdS

sec:geodesic
For later use, let us begin with the computation of a geodesic in AdS 3 . Pure AdS 3 metric in Poincaré coordinate is
where the AdS radius is set to 1. For a static curve in AdS 3 at a canonical time slice, the induced metric on it is given by gives us semi-circle solutions with the radius a.
Let us move on to the TT deformed geometry, namely cutoff AdS. We introduce a finite radial cutoff
In z coordinate, the radial cutoff is located at
We now have AdS 3 spacetime with Dirichlet boundary surface at z = z c :
Then, the length functional yields the same equation of motion as before but we need to impose a boundary condition so that
A solution is given by In this kind of deformed geometry, the corrections of holographic entanglement entropy are calculated and they seem to be consistent with those of the deformed CFT Donnelly:2018bef, Chen:2018eqk [19, 20] . 
To compute its length in the cutoff AdS, we would like to introduce a polar coordinate:
where we defined α 2 = a 2 + z 2 c . Then, the induced metric on the geodesic is
17)
Using this, the length of the geodesic λ a is easily computed by
where θ a is defined by the relations cos θ a = a/α, sin θ a = z c /α. We can integrate the above and find that
For λ b , the calculation is exactly the same, so we obtain 2 (b) case, 2λ ab can be also easily calculated using this results. In the TT deformed geometry, the solution of the geodesic γ B ab is given by
(2.21)
So we can conclude that
Transition between the two cases sec:transition
As we have seen, the holographic entanglement entropy of the two intervals is given by λ a +λ b or 2λ ab in the way that
where we have used the relation c = 3/2G N Brown:1986nw [28] . Which case is smaller is determined by the difference b − a, or in other words the ratio a/b. We fix b and change a from 0 to b to find the transition, i.e. by solving λ a + λ b = 2λ ab with respect to a, we find the transition point.
When
24)
1 Since we are considering classical gravity, to compare with the bulk dual we have to take large c limit.
When we take large c here, we should take a 't Hooft-like limit; we should keep the combination µc finite in the large c limit Aharony:2018vux [29] . Under this limit, µc is kept constant and the corrections of entanglements will be proportional to c. 
(2.28)
Also, numerically we can solve ( In this section, we would like to discuss entanglement wedge cross section, which is conjectured to be holographically dual to entanglement of purification Takayanagi:2017knl [26], in cutoff AdS both at zero temperature and at finite temperature. Here again, for simplicity we consider a symmetric configuration described in The entanglement wedge cross section is
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where we again have used the relation c = 3/2G N .
In the TT deformed geometry, using the solution of the deformed geodesics ( 
For z 2 c /a 2 , z 2 c /b 2 1, it can be expanded as so for small enough deformations, the correction term of order O(µ 1 ) is expressed by
This implies that in a TT deformed CFT the corresponding EoP will decrease even for a small deformation. On the other hand, when one considers
which means the dual CFT reduces to be trivial.
Entanglement wedge cross section in BTZ blackhole
sec:eopbtz
Next we also consider a finite temperature state in a holographic CFT, which corresponds to a planar BTZ black hole. The metric is given by
where the location of the blackhole horizon z H is related to the inverse temperature β by β = 2πz H . This time we define a subsystem A to be the interval −l/2 ≤ x ≤ l/2 and B to be its complement. Then, we need to consider two cases Σ So we find that the entanglement wedge cross section will be
where A (1) , A (2) are the length of Σ
AB and Σ
AB . Similarly to the analyses in the previous section, the favored entanglement wedge cross section will be the one in which the total length of the cross section is minimal. The length of Σ (1) When 0 ≤ z c ≤ z (c) c , Σ (2) AB is realized, and when z (c) c ≤ z c ≤ z H , Σ (1) AB is. One comment regarding this is that we do not change the size of the subsystem, but only the deformation parameter. This means that when we consider the TT deformation, the transition between the two entanglement wedge cross sections can occur for fixed subsystems.
Let us try to translate them into CFT language. In CFT side, the variables are interpreted through z c = µc 24π , β = 2πz H . 
Conclusion and Discussion
sec:conclusion
In this paper, we have carried out calculations of two-interval holographic entanglement entropy and holographic entanglement of purification in cutoff AdS, and also investigated the effect of the TT deformation on their phase transitions. In Sec.
Sec:twointerval 2, we have studied the two-interval entanglement entropy in the cutoff AdS. Fig.   fig:transition 3 shows that the subsystem is getting smaller by the TT deformation. This is easy to understand in gravity side since the metric becomes small for larger z and in the cutoff AdS subsystems are moving into the bulk. This is consistent with the view point of boosted CFT and its entanglement entropy Park:2018snf [27] , and it means that by the TT deformation subsystems in the field theory effectively shrink or in other words degrees of freedom in the subsystems effectively become small. A natural further study is to check the behavior of the transition in the field theory side, and evaluate how the conjecture McGough:2016lol [4] is valid and how much the Ryu-Takayanagi formula can be assumed 2 . This should be tough since the deformed quantum field theory is no longer conformal. What we can do is full nonperturbative analysis, or perturbative expansion around the original CFT.
Also, another question regarding this is a generalization to a multi-interval case. When one considers a multi-interval case, it would be interesting to study holographic mutual information and the effect of the TT deformation on monogamy relations Hayden:2011ag [31].
In Sec.
sec:eop 3, we studied the effect of the TT deformation on the entanglement wedge cross section, which is conjectured to be dual to the entanglement of purification in the boundary field theory. Concerning this, it would be interesting to consider wormholes, or eternal black holes in the TT deformed geometry. They are originally constructed from BTZ blackhole geometry Maldacena:2001kr,Maldacena:2004rf [32, 33], and have been studied by many people. The cutoff AdS, as we have seen, influences on entanglement entropy. So generically the TT deformation also affects thermo field double states, and it turns out that the TT deformation might be able to make a deformed wormhole, on whose boundary the deformed CFTs live.
We found that two-interval holographic entanglement entropy in cutoff AdS really has a correction due to the deformation, which implies that in the field theory side degrees of freedom in a subregion is decreasing by the TT deformation. Also, we investigated the entanglement wedge cross section in cutoff AdS both at zero temperature and at finite temperature. Normally, the computation of entanglement of purification in generic QFTs is a difficult problem, thus, our results provide holographic predictions. More study on holographic entanglements in this direction will play an important role in understanding of holography beyond AdS/CFT.
